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Introduction

Let T be a distribution. By AT we designate the distribﬁtion defined by the scalar
product

< AT, ¢ > =< T\ ¢ >,
where A is a rotation.
We say T is rotation-invariant if
A =T,
for every A.

By S;%,, we designate the space of tempered rotation-invariant distributions defined
in R™.

Let now 7' be the image of T € S’Rh,, in S%; one has ([30], eq (AL2,3))

for every ¢ € Sg+.

We have (cf.[3])

Theorem. (The causal version of the distributional Bochner Theorem)
Let f(2,A) be an entire function in the variables z,A and let T(P £ i0,)) =
(P £ 30 f(P £0,)) € §".

Then, the following formula is valid:

{T(P £i0,)}" = eTEUH{T(|z|%, \)})|y2—@i0-






The equivalence between the Bochner formula
and the Hankel transform

Let f(z) be an integrable and rotation-invariant function belongs to R*. We suppose
that f(z) further, satisfies f(z) € Co(R"™) and F[f(y)] = ¥(y) = ¢(p?) € L(R™).

We | define

f0) = arge [ Hwe<dy,

We have, by means of the Bochner formula,

f(2) = g(r?) = @17@1} G

Therefore, we have the following pair of reciprocal formulas:

27!' P'&’_ o0 n »
o) = C02 / g(*)tE Tazs (pt)dt,
pz Jo

and
2 1 1 PN
90%) = GryF oz /0 () Tuzs ().
Finally, we can enunc%;?,te the following
' Theorem:

Hypothesis: Let g(¢) be a continuous function in [0, c0),

oo
/ lg(t*)[t*tdt < oo,
0

fo lp(p®)]p" " dp < oo

‘Thesis: The following formulas are valid:

27 % oo n "
p(p*) = L—_.)—_z— g(t*)t% J a2 (pt)dt,
p= Jo
1 1 *° n
g(r’) = @nE it jﬁ p(t7)t% Jnzz (rt)dt.

The above formulae are a particular case of the Hankel formulas.
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Let Go(P + 0, m,n) be the causal (anti:(:ausal) distribution defined by

Go(P £0,m,n) = Ho(m,n)(P £i0)2 T Kaa (v/m2(P £40)), * *  (4,25)

where m is a positive real number, « € C, K » designates the well-known modified Bessel
function of the third kind (cf. [Watson], p. 78, formulas (6) and (7)):

s I..,, I,(2)

Ku(e) = sin(nv) (4,26)
o0 (%)2m+u, ,
L(z) = ) (4,27)
2;0 mIT(m + v +1)
' 11& 1-2 +iZqr, 2 _15_(71-—0‘
Ho(m,n) = elz®21" 2T 3I(m?)z ("3 (4,28)

(2r)3T(§)

We observe that the distributional function Go(P =+ :0,m) is a (causal, anticausal)
analogue of the kernel due to A.P. Calderén, Aronszajn-Smith and L. Schwartz (cf. [9],
[10] and [4], respectively. |

The distributions Go(P + i0,m,n) share many properties with the Bessel kernel of
which they are (causal, anticausal) analogues (cf. [3]).

Let us define the n-dimensional ultrahyperbolic Klein-Gordon operator iterated I-
times :

62 32 62
-{33;2_*— <+ p"“‘z——“"'“——i——mz}ta ’ (A730)

where p+ ¢ =n.and m > 0.
We define the causal (anticausal) distribution H, (P & 10,7) as follows:
eig-ae:i:il.}ql'\( n—o
207 3I(§)
where a € C, P is defined by (A,8) and g is the number of negative terms of the quadratic
form P. The distributional functions H, are the causal (anticausal) analogues of the elliptic
kernel (cf. [36], pp. 16-21) and have analogue properties, that we use to obtain causal

(anticausal) solutions of the n-dimensional ultrahyperbolic operator, iterated k-times (k
integer > 1):

Ho(P £1i0,n) = (P £40)%5", (4,31)

32 52 62
—mg— a3
0z7 4, Oz,

}k’, ptg=n. (A,32)

By putting ¢ = 0, p=n in the definitory formula of Ho(P £ i0,n) (cf. (A,31), we
obtain



QT

Ho(jz?,n) ¥R S 4,33
0’(]3" n) a_(m7n) Dn(a) ( )
where ,
7‘2=|a:|2=a7%+---+m3‘, (4, 34)
and L ‘ '
W%Z"‘F(—g‘-) 8
nle) = —/—. A,
Dnl) = “aay (4,3)

Formula (A,33) is, precisely, the definition of the elliptic kernel of M. Riesz (cf [10]).

Let us define the n-dimensional Laplacian operator iterated s-times:

;. 9 . R - ) :
As =159 o vy 8. A, 36
B ™t am (4,36)
We begin by observing that the function H, has simple poles at a = n + 2[, | =
integer > 0 (which are due to the I' which appears in the numerator), This is an essential
difference between H, and G,, which is an entire distribution.

H, admits a Laurent expansion in the neighbourhood of the point & = n 4+ 2r, r =
0,1,...

A-1

m + Ao + Z Ay(Od - ('n + 27’))” (A’ 37)

=1

o0
Ho(P £i0,n) =
-
The distribution Ag is, by definition, the finite part of Hy(P +10,n) at
A=n+2r, r=20,1,.... (A,38)
The Bessel function of the first kind is defined by (cf. [11], p. 4, formula (2))
= (g

Julz) = Z m!l(m+v+1)

m=0

(4,39)

The Bessel function of the second kind or Neumann’s function Y, (z) is given by (cf.
[11], p. 4, formula, (4)):
Y, (2) = (sinvm) " [J,(2) cos(vm) — T, (2)]. . (A,40)
The lin(;a,r combina’;ions " | -
H,(,l)(z) = J,(2) 4+ 1Y, (2) = [isin(vn)] " [J_,(2) — Ju(2)e"%™], o (A, 41) |
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and

H®(2) = J,(2) — Y, (2) = (isinvm) " [T, (2)e™ — T_,(2)]. (A,42)
are called the Bessel functions of the third kind or the first and second Hankel fuﬁc‘tion‘s.

We also can write

K,(2) = -z7re 307 F( (26'%), (4,43)

and

,,(z) --m—* ”"'H(2)(ze"’ ). (A,44)

We begin this pa,ragra,ph‘with several definitions... ;. .
Let ¢ = (tg,t1,.--,tn—1) be a point of R". We shall Wmte 2—t2—...—2_, =y, By
', we designate the mtemor of the forward cone : :
Ty={teR"/ty>0,u>0} (A,45)

and by T, we designate its closure. Similaily, I'- designates the domain

I ={te R*/to <0,u>0} . . (A,46)

and I’ designates its closure. We put z = (29, 21,. .., 2n—1) € C™, where 2, = z,+iy,,v =
0,1,...,n—1; <tz>=tozg+t121 4+ tn-12n-1; and dt = dtodt; ... dtp—1.

The tube 7. is defined by

T_={zeC"jyeV-),
where v_ = {y € R" [ yo < 0,y§ — v} --- — y2_; > 0}. Similarly, we put the tube

T+ = {Z € Cn/y € V’*’}’
where v4 = {y € Rn/‘yo >0,y5 —y? - —yi_, >0}

Let F'(A) be a function of the scalar variable A, and let ¢(t) be a function endowed
with the following properties:

a) 6(t) = F(u)
b) supp ¢(t) C T4,
c) et (t) € Ly, ify € v_.

We call R the family of functions #(t) which satisfies a), b) and c). Sxmﬂarly, we call
A the family of functions which satisfies conditions o

al) ¢(t) = F(u),



b’) supp ¢(t) € T,
c’) 6<t’y>¢(t) € Ly,ify € vy,

Let $(t)(t = t1,13,...,tn) be a radial integrable function: ¢(t) = F(r?), where r? =
S t? and F()\) is a function of the scalar variable .

3==1 i

Let F(¢] designate the Fourier transform of ¢:
Fi¢] = [ eTI<HE> b(t)dt.
R»

A classical Bochner formula ([16], p. 187) expresses F[¢] by means of a Hankel .
transform:

(2m)% L
ol = {22 + 22+ )+ mn—l}u / F(A)A ) Jnd {,\(wo oo wnﬁl) ya

Here J, »(z) is the well-known Bessel function:

(~1)p(5)7 42
Ti) = Zp'r(p+,u+1>

p=0

Theorem. (Bochner [16], p. 187)

Hypothesis:

a) f(z) € L(R"),

b) f(z) = g(r?),

¢) f(z) = f(—z), if n=1.

< Ff] = $(p%) = (27() g(tz)tan 2 (pt)dt.

Here J,(z) is the well-known Bessel funchon
(3

Ju(z) = Z(“l)pp!p(p +v+1) -

p=0

The following assertion proves an analog of Bochner ’s formula for Laplace transforms
of the form | '

fe) = 2l) = [ et gyt

8



where ¢ is a function of the Lorentz distance, whose support is contained in the closure of
the domain ¢y > 0,82 —¢2 —-.. —¢2_, > 0. g

. The Laplace transform of ¢(t) is f(z) = L[8] = [p. e~ i<t=> §(1)dt. We can il the
following ..
Theorem. A
Hypothesis:

a) ¢(t) € R,
b) ze T_.

Thesis:

(2%)%

(Bt -
(W& 4+ 22y = B)}da.

Here K,(z) designates the modified Bessel function of the third kind (cf. [11]).

| f(z) = L{¢} = = /0 F(A)A—Km

We also have the two following representation formulae:
Theorem.
Hypothesis: The same as that of above Theorem.

Thesis.
(a)fn=2m+2,m=0,1,...,

1) = 1) = (Cirmam o [T PO KO

bB)En=2m+1,m=12,...,
dm

f(z) = L¢] = (—1)"‘22"*‘%*“35—,; j{, ” F(,\)r%.e"“s)%d,\.

Notes:

1. Formula (b) seems to be equivalent to a very interesting result due to Leray ([15], p.41,
formulas (19,11)), which he proves by a completely different method.

2. Formulas a) andb) are analogs, for Laplace transforms, of two Bochner formulas ([16],
p. 187, formulas (17) and (18)), valid for Fourier transforms of radial functions.

We define the following functions of the family R:
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Gr(t, a,m? n)zwz{(—tﬁ?}‘i if u —m? >0 and t >0,
b ? ?

I(a) if ¢ belongs to the complementary set.
(4,47)
_ 2 v_J1 ifu—m?>0andt; >0,
Gr(t,o =1,m%n) = { 0 if ¢ belongs to the complementary set. - (4,48)
Gr(t,a = ~k,m? n) = 5.%“)(u - mé). (A,49)
a—1 w®! .
Gn(t,-oz,m=0,n)=~____u+ :{W if u >0 and #o >0, (A4, 50)
e) 0 if ¢ belongs to the complementary set.
The characteristic function of the volume bounded by the forward cone:
. . _J1 ifu>0,4 >0,
Gr(t,o=1,m=0,n)= {O if ¢ belongs to the complementary set. (4,51)
Gr(t,a = —km=0,n) = 6% (u). (4,52)
We now define the following n-dimensional function of the family A:
2 -1 e 2y -1 .
GA(t,oz,mz,n) — (u —m*)Z __:{—(i—ll’—%a);—-—— if u—m? >0 andt; <0,
I(a) 0 if ¢ belongs to the complementary set.
Finally, we introduce the function G(¢,a,m?,n) defined by
G(t,a,m?,n) = Gr(t,a,m?,n) + Ga(t,a,m?,n). (A, 54)

. We shall consider the following functions of the family R introduced by M. Riesz (cf.
[10], p. 89, [4], p. 179).

(m—2u)£;_n / 2 “
W(t,a,m2,n) = { pipegpieip=d n-'-2I‘(%) J%ﬁ( m*u) ifteTy, (A, 55)
0 ift €Ty,

Here a 1s a complex parameter, m a real nonnegative number and n the dimension of,
the space. )

10



W (t,a,m2,n), which is an ordinary function if Rea > n is an entire distributional
function of a.

Putting m =O in (A,55), we obtain (cf. [12], formula (IL,3,1), p.li)

W(t,a,m =0,n) = Ry(u) = %}.ZTET ift € Ly, (4,56)
0 if ¢ ¢ ry.
* Here we have put
Hy(a) = P20 D S)n(E =212, (4,57)
We remember that

I'(z)

U(z) = on (4,58)
and
2%

Qn = 5 A, 59
(%) (4,59)

Let ®(¢) be defined in R* : {t,t > 0}. By the Hankel transform of the function ®(%)
we can mean the function ¢(s),0 < s < oo, defined by the formula

o(6) = (HUOD = 5 [ 800" Raa (VoD
where

Jm(m)

Ru(z) =

and Jm(z) is the well-known Bessel function deﬁned by the formula

oo —1) yym~+2v
Tna) =3 2 (n(ijﬂ).

y=0

It is well-known (cf [33], p.240) that if ¢(t) satisfies adequate condltmns, for example,
if #(t) € Sg+, the following formula is valid: .

40) = (Hlg@D = 5 [ 9(6)5™F Ruza (Vs

Let Sg+ designate the space of functions f € S deﬁned in the positive half hne
R* : {t,t > 0}. By S% we designate the dual of Sg+.

11



Let U(t) € Siy. The Hankel transforrii.:bf U(t) will be, by definition, the distribution
v(s) € Spy defined by the formula :

< HU(2)), 6(s) >=<U(¥), (H{¢(s)}) >,
for every ¢ € Sg+.

There are other definitions of the Hankel transform for distributions ([21], p. 191).
We use the definition which appears in [30], formula ((AI, 3, 3), p. 70).

12




The Laplace transform of radial functions

We define the n-dimensional Laplace integral:

LIF] = f(e1,...,2) = / e=i<82> P2V dg,

Rn

here
L Tyz>=x121 ++ Th2p.

The complex version of the Bochner formula is due to Alberto Gonzdlez Dominguez
(cf. [26]). He extends the classical Bochner theorem to the complex case.

This result permits evaluate the n-dimensional Laplace integrals of radial functions
by means of a simple integral.

Theorem. (A. G. Dominguez)

Hypothesis;
F(TZ) € .DRn .

Thesis: The following formula is valid

LIFl=@(2 +---+2%) = (2m)* /mF(tz)t%Jn—z[t 23 4 -+ 22]d2.
VT 2l "

We note that if 7; = 0,5 =0, 1,...,n, the thesis of the Theorem becomes the classical
Bochner Theorem (cf. [16], p. 187).

Now we shall establish the two following representation formulae.

Theorem. (S. E. Trione)

Hypothesis:
F (7‘2) € D Rn .

Thesis:

a)fn=2m+2, m=0,1,...,
L[F] = (—1)mg2m+ipm1 jslm /0 " B30 (Vo).
b)fn=2m+1, m=1,2,....,
L[F] = (—1)™?m+lgym /0 ” F(t*)t cos(tp)dt.

13



The thesis a) and b) of the above Theorem are analogous of the radial formulas due
to Leray ([15], p. 41, formulae (19,11)).

Here * designates, as usual, the convolution.

Schwartz ([4], p. 264) has evaluated the Fourier transforms, of the function Ry (z,n) of
Riesz, by evaluating their Laplace transform (first step), and then passing to the limit (in
S") for y — 0, where y € v, (second step). The method was later employed by Lavoine [31]
and Vladimirov [32]. It works generally for any ¢(t) € R which is, besides, a continuous
function of slow growth. It is clear that the basic formula greatly facilitates the use of
Schwartz’ method, since it disposes of its first step.

Other version.

We evaluate the Fourier transforms of retarded Lorentz-invariant functions (and dis-
tributions) as limits of Laplace transforms, Our method works generally for any retarded
Lorentz-invariant functions ¢(t)(t € R™) which is, besides, a continuous function of slow
growth. '

14



Appendix: Notations and Definitions

I.1 Letzbea point of the Euclidean space R’ and A be a complex number.

Consider the following functions z}, 22, |z|*sgnz (cf. [1]), defined as follows:

) = z* forz >0,
+ 0 forz<O.

T

A |z|* forz <0,
- 0 forz > 0.

et =} + a2,
|z|*sgna =z} — wi‘_,
here is ReA > 1.
The function I'(«) is defined by the formula

o0
I‘(a):/ e %z 1dr,
0

Re a > 0.
We shall define the following generalized functions,

a—l a1 a—1 a—1
zi7 227 |z and |z|*~t sgn z

I'(e)’ M(e)" T(5) T(%5)

The above distributions are the regularized functions of z2, 22 ,|z|* and |z|* sgn z.

. Now, we define two generalized functions (z + ¢0)* and (z — i0)* as follows ([1], p.
59):

@+mﬁ=n%@+wy
Y

[z if >0,
T ] jzreT ifz <.

Similarly,
(z ~30)* = lir%(:z: — iy)*
y-¢

_Ja ' ifz >0,
T jzPem ifz <.

18



These functions are defined for all complex A.

We, obviously, may write

(m+20)"~w +e’}‘" ’\

and
(z — i0)>‘ = mf\,, 4 eTATgA

‘We also have

z7r( 1)

(n _ 1) ] 5(n—1)(w)’

(z+0)y " =2""~
and

” im(—1)n-1

z—i0)"" = =" (n-—l)w
. (z—10) M Py 6 ()

1) P¥z) = —z——_—z—(-{l_%)% 2Py (—v,v + 11 — p; 3 — 32) (Legendre function) where
2y (a,b; c; z) (Gauss’ hypergeometric series).

k
2) mFul@1,. s QniY1yee s Tni2) = Z?:o %%%—%’;—‘%’;%, (-_a)u = %%“—Z)”—’, (a)o =1, (a)n =
ala+1)...(a+n—-1). '

3) L§(=) = zz' o8 L5 (e7#2%1F) (Laguerre polynomial); L3(z) = Li(z).

4) My,u(z) = 2Pt3e™% 1 Fy(% + p—k; 2, +1; 2) (Whittaker's functions); 1 Fi (a; ¢; 2) (Kum-

mer’s confluent hypergeometric series).

5) ¥(z) = 1

16



I,Z Let z = (21,22,...2,) and y = (y1,Y2,...Yn) be two points of the n-dimensional
Euclidean space R™. -

We shall write
de = le,dwg,...,dwn, (4,1)
n .
<z,Y >=Z$6yi7 (A,Z)
§=1
|2 =r =af+--- 423, (4,3)
yP=p=yi+-+yk (4,4)

The Fourier transform of f(z) is, by definition, -
FI@) = a) = gy [, €< flald, (4,5)

Let z = (#1,22,...2,) be a point of the n-dimensional complex space C™, where
Zy =w,,+z'y,,,y= 1,2,...,n,

<z,2 >=Zwiz,~. - ‘ (A,6)

f=1

The Laplace transform of f(z) is, by definition,
Lif] = / e~i<®7> f(g)dz. (A,7)

Consider a non-degenerate quadratic form in n variables of the form
P=P(w);mf+---+m§——m§+1~w129+1—--~—-m;“;+q, (4,8)
where n = p + ¢. The distribution (P 3 40)* is defined by -
(P+i0)* = lim (P + ie|lz[)?, (4,9)
£t

where e > 0,(z2 =22 +---+22, AeC.
The distributions (P 4 i0)* are an important contribution of Gelfand ([ |, p.274).

These generalized functions can be expressed as
(P £i0)* = P} + 5™ P2, (4,10)

17



where

P P>,

P+‘{0 if P <0 (4,11)
»_Jo if P> 0,
P —“{(--P)A i P <0, (4,12)

Similarly, we have

(Q £40)* = lim(Q + defy[*)?, (4,13)
where e >0, |[y[* =yf+---+yf‘;, AeC.
Here
o Q=QW) =vi+ +yh —Vor1~ "~y . . (419
ptg=n

The distributions (m?+P+i0)* are deﬁned in an analogue manner as the d13tr1but10ns
(P £140)* (cf [1], p. 289). : o

mﬂ+gimy=gﬁmﬂ+gi%m%& ' (4,15)

It is useful to state an equivalent definition of the d1str1but1ons (m?+Q =+ 20)’\
In thls definition appear the distributions

. 2 - . '
(m+QV—{“z+@ ﬁgigi& (4,16)
= if m*+Q >0,
(m +Q)>‘ {( —1m __Q)A lfz +Q<O _ (A717)

. We ca¥1 prove, without.difficulty, that. the following formula is valid ([9], p. 566)
o n'(m2+QﬁﬂmA=(m1+Qnﬁqﬁmxm2+Qy; 5 (415
From this formula we conclude immediately that

(m? +Q +i0)* = (m” + Q@ —i0)* = (m* + @), (4,19)

when A = k = positive integer.

We observe that (m? + Q + iO))‘ are entire distributional functions of A. This is the
principal difference between the distributions, formally analogue (Q=+40)* which have poles
at the points A = -2 —k, k=0,1,....

18




It can be proved (cf. [35], p. 573, formula (2.14) and p. 579, formula (3.5)) that

iﬂ:(__l)k-—-l

] §*D(m® + Q),

(m® +Q +i0)™* = Pf(m® + @)™* ¥

k=0,1,....
Let f(z,A),z € C, be an entire functions of the variables z, A:

CF(2A) =) eV

v=0

Let us consider the family of distributions of the form ([1], p 285)

o

| T(P +0,)) = (P £i0)* f(P £10,A) = (P £i0)* Y a,(A)(P £ i0)".

v=0

Further, we consider the rotation-invariant distributions

T(le%, ) = (|21?) 3 @ (V).

v=0

We have (cf. [3], p. 25, formula (1,4,11)) the following

(4,20)
(4,21)
(4,22)

(A,23)

Theorem: Let T'(P £ ¢0, ) be a temperate distribution, then the following formula is valid

FIT(P % 2'0)'\] = G:Fi%q.[T('wIZ’ A)]A lyj2—QFio

(4,24)

The symbol which appears on the right-hand side has the following meaning: first, we

evaluate the Fourier transform of T'(|z|?, A) and then we replace |y|? by (@ F :0).

We observe that in the preceding theorem, T(|z|%, A) is a temperate rotation-invariant
distribution, therefore its Fourier transform can be evaluated by the distributional Bochner

formula ([30], Theorem 26, p. 72).

F{T (e, W} = {H{T (|2, \)}}-
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Chapter I Fourier Transforms in R

f(z) | F(&) = [pe~ 2™ f(z)dz

1) H(z) | svpd + 18(6)
@ H(z)e e (A€R) | xpamr

(3) vpz | —im sgn £
@ o] | —z3spfs

(8) Xi-7mr.8¢n T

[X : characteristic function | | i=eg2nll

InT sen2rT¢  Si(27T§)
? M 1('&' 7|-£ ?

(8) Xj—r,17in|z] ['>0] | where Si(¢) = [} 2rtdt.

.(7) the | 7% vp }

(8) Si(27T'z) —-%X[—T.T} vp %

(9) g | o {thds ~ Hth(€ - 5) +thas (€ + 201}

20




Fourier Transforms in R

(10)

—icoth w§

(11)

4i{Z — arctg 2™}

(12) s S
(13) -5 th &
"(14) C—2lnz|
where C = -2y — 21n 2m;
v: Euler’s constant,.
(15) —i pf

21




Fourier Transforms in B

(16) flz) | Jpe e f(z)da

k¢! zmefe | 2mim§(mI (¢ — b)

(18) VP o g“—’%ﬁ £ sgn €

(19) 2P H(z) [B# 2] | BUE|~P—tem (n/DiP+D) sgn €

(20) zlf  [8+# 2] | Bl 2.cos F(B+1) .-

(21) Inle| | —mvp ¢

(22) vp s sgn @ | SR)T(C - 2in¢)

(23) l2l® sgn a6 # 2] | pUIEI~P1(~20)sen] (B + L)sgn €

(20)  oPH()Ine [6#Z] | BUEITP{p(B) — In €] — Fi sgn £}.emFi B+ €
(26) ol Inja| [ 2] | BUEIP12. cos 5B+ 1){B(B) — In |¢] ~ St 3 (8 + 1)}

(26) |alfInlo| sgn v (87 2] | PUE|-P=1(~20)sen (8 + 1){(B) — In €] + EctgT (B +L)}sgn ¢

¥(z) =

NON
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Fourier Transforms in R

@n vp grber.dn fo| | CHEETET L () — In ¢ }sgn €
S ?P%-Inlwl (Inél+7)?+C

(29) | wp gk nfzlsgn o | S [{in €] - $(m)}? +C]

(30) 2™ In |zlsgn @ | m123i&)~™1{p(m) — In |¢|}

t

(31) e“‘“""a:ﬁH(a:) (Reﬁ > —1) @T%)Ta:ﬁ"

=1

(32) %—5&7 e~iFe(y — i0)~
(33) 611
(34) 5(") ez‘-’ényn = (zy)n

2443 _
(35) 2GS 0b>0 v>a | T

23




Fourier Transforms in r* "~

 f(e) | Flf(@)] = [ flz)e<6o>dz

i
U8

(36) e (@m)ie %

(37)  rf (f#2mand f# -n—2m) ﬁ(@g_j_;)l!_)’gﬁwﬁg-p-n

(38) L @O @ e O

(39) P | r (1 ¢+ C)

(40) In(3) | (3 —1i2=lxggm

(41) rPine (f#2m and f# —n —2m) | QEHETYornatetom (Jy(§ + 5~ D)+ Ju(-§ - 1)~ §).

(42) P ing | (24 m - 1)lml2dmn=lpg (o ymtlg—n=2m
: (1) T g2 o R A
(43) CopTRe i p té—#n)—_{ﬁ%m.{ln £-lymy-Lyp(T+rm=-1)}*+C




Fourier Transforms in R*

{(%ﬂ)!}22ﬂ+2{ufﬁ'2 cos w(% +1)+uz?%)

(44)
(45) uf™ %‘2?(% — )y {x%6(€) — 2U %}
(48) up?=m .5{;3;;“—,‘,‘,5,1.{1:2 sgn U2 — (e — 2In |& %ézl).(cg — 2Injé; — &)}
(&7) uf B # +2m] {_|(§.)g}22ﬂ+1|U|—ﬂ—2e—m'[(%)+1]H(U”)agn &
(48) uf™ | Gk (02 — O3 (3776(8) — i(6r + &5 6(61 — 2)-
—i(€1 — &2)716(61 + &2) - &-2}-
(48) w7 | e (magn (61 + &) +i(C1 ~ 2in 1 + &)
Amsgn (€1 —€2) +i(Ca — 2In |61 — &2|)}
" (60) uf (B £2m) | {(HPUTP T + U7 P cosw(§ + 1))

uf = |uff H(u?)

uf = [uff H(u?)H(w1)
uf = [ulf H(—u?)
¢1,¢2,Cy and Cq arbitrary constants




Fourier Transforms in R"

(51) uz? 7 | (mhsgn U + (a1 — 2In €+ &) (2 — 21 |61 — &)}
(52) W[5 £am] | (BP9 ]A-Ren B eenes
53y L gt | GO (w sqn(6n +€2) —i(en— 21n J6 + &)}

A7 sgn(éy — &) — i(ca — 2In |€ — &)}

(54) [ulf  [8#£2m] | {(5)N22PH2U~P2{1 + cos m(§ + 1)}

(55 S e )

%(01 —2In | — &) (c2 —2In €1+ &) (m even)

(66)  |ulPsgn u® [B.5 +2m] (&)} 2P 2 U | 7P2sgn U{cos w(§ + 1) — 1}

G (T megn w? | ST (o - 2n e — &])-(e — 2 € +Eal). - (m odd)

-1 m+17r2 Ul?mgonlU?
( ) (m!)2|227|n+1 . : (m e’uen)

uf) = |ulff H(u?)H(~z:)

fu] = [u?] /2
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Fourier Transforms in R"

(58) uf (B £2m;f# —nk2m] | (3OS + 3 — )P lad-Ljy|-A-,

e~ (T 2iB+n)HU)agn &
59)  uf [B#mip+ntkom] | (DUE+5+DRPRE MU 0os 3B +n) + Uy
(60), uf [B#EIm;B4n#£m] | (DL +2 - 1)12Ptrad-l,

AUTP " cos L(n+2) ¥ Uy P~ cos 2(B+2)}

(61) u?in|u

[B # +2m; B+ n # +2m]

(PG +3 - DPtnat =L (L) + (G + 5 — D +20n2}.
{UTP ™ cos L(B+n) + U3 P} — LU, #sen (B + n)—

UTP~" cos Z(B +n) In [U| - Us P~ In |U[]

(62) uf In|u

[B # £2m; B+ n # +2m]

(PG +5 - 2Pt trE L () +9(§ + 5 — 1)+ 202}
.lul_ﬂ_ne_.;si(p+n)H(u’)agn & |U|"ﬁ"" in |U|

e~ (DHBMHUsgn oir _ Lyjly=P=n o= §i(p4n) | 1177 P="eFi(o+n)]

—zi—...—z2, (n>2).
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Fourier Transforms in R»

(63) uflnfu| (B +# £2m;f+n#22m) | (D4 + 28— DFtrd-1 [ {p(§) +¥(§ + 2~ 1) +2In2}.
AUTP™" cos T(n +2) + U3 P~" cos T(8 + 2)}—
~LU7P T sin T(B +2) — U7 P~ cos L(n+2) In |U|—

~U5P"" cos (B +2)in |U]]

(64) : H(u?) | (3 - )2*a5-105T", (n odd)
(&~ D)12°r 3 H=1)FU " + 2°~ 17" 6(€); (n even)
(66) ‘ H@u?)H(zy) | (2 - 1)12*~1a5-1(iU;)", (n odd)

B~ )il EU " 4 (-1 E iy

73i sgn £,6(H-)(U?Y, o (neven)
(86) ' o H(—u?) | (2 - DY(-1)2*x5-1U5™, (n 0dd)
20 1am6(€) + (5 - 1)!2"1r%‘1.(—.-1)’=“‘1‘U‘"A;: . (n éven)
(e7) ‘" T adm| ml(R 4om 1) lgntimg -1y neim (n odd)

ml(§ + m —~ 1)lgn i g E-1(—1)ntm,

.U—n-2m+ %w"(—;)”‘&’ii»—...&i)"‘&(s)}; (n even)
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Fourier Transforms in R"

(78)

668) Cud™ | mi(% 4+ m - 1)n Il -l )i, (n odd)
mi(3 + m — 1)l d () bm (LT 192 L~ 52)™
sgn fLéE%QQQ%EQ}; (n even)

:(69) uf™ | mi(§ +m— 1)lgrt2mpg—=1(_1ym+iyn-2m (n odd)
mi(% +m— 1)!2ﬂ+2m{¢%~1(_1)%~1U-n-zm+
_i,%?r"("-’r(-zal —9°)"‘5(€)} (n even)

(70) u~? | (& —2)12° 2% (~1)F- 5" (n odd)

o g | mhutte (n 0dd)

(72) §M(u?) (0<m<E—1) | (& —m=2)n-2m-2p5-1yZnti-n (r odd)

& —m — 2)12n=m=2(1)FHmEla -l 2ti-n (p even)
H(z1)6(u?) (0Sm<2-1) | (&2 —m-—2)2n-2m-3gF-Y1ymtlj-n pimti=n (5 odd)

(% — m— 2)(—1)F+m+ign-2m—3rg—1 [yIm+2-—n

+(=1)F12n-2m—41% § sgn £ 61(5)-m-A(U?) (n even)

(74) (u24i0)5 (B # +2m,B +n # £2m)

J__L_.L(ﬁ_'*'&:'l; Lofn % eF Filn-1) (U2 3 40)- 5%
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Fourier Transforms in R"

(75) uf  (B#E2m, B 4n# +2m) | (EN(E + &~ 1)12ftrg i1,
{UTP " cos (n—p+1+ ) + Uy P ™ cos Z(F ~ 1)}

(76) W (B LI ftntEom) | (DL + 2 — 1)ftraE-l,
{UTP " cos F(n = p— 1) + Uy P~ cos 3(p + B)}

(17 Hw?) | (& —1)2res—(=1)5-305 (n odd, p odd)
(2 = izt -i(—nF (n 0dd, p even)
(2 — )2rg3-1(~1)SFH U 2n-1ang(¢) (n even,,p odd)
2"7&(——1)%‘%6[(%)‘”’1]((]2) (n even, p even)

o) ) (0m<g—1) | (3—m—2Er2mtet, -i

{UZmt2-1 sin L U g Z(n—p)}

b

(79) (u?41i0)%

(8 # £2m, B +n # 22m)

(Gt it gpinn s 7 5i0-0) (2  d0) 4%

2
n

.30




Fourier transforms in R®

f(=) | FUf@) = Gers Jan «*z"'<"””>f(w)dm
(80) T(P £ 0,2) | e 59{T(|z[2, A} |iyj—gsio (*)
(81) Ga(P £ i0,m, n) a%fei%ﬁ(mz +QFi0)%
(82) G_n(P £ i0,m, n) Lﬂg;%’,;‘ll
(83) Ho(P £i0,n) (iz'%;}-(cg:m)-%
(84) H_g(P %0, n) %2:;1)2,}@’« k=1,2,...
(86) K6} W(—l)‘(mz + Q) 1=0,1,...
(86) L*{6} a;}g(q)qu kE=0,1,...

('1):§?iqaﬁ:fi°)h [ 2 2P<k+1)r(f—%’i{%}»’i(lr;;(lil;;f_i)%}’:-)+rch+1>r'(l*:—'w] +

(87)  Pf Hupan(P£i0,n) |+ 25‘;,13;’(';:":;?:%_,,) (P = #0)" log(P & i0)/?
(e8) PfRu(z,n) 'Wﬁ(i_flgf(_g—f logr -+ 1‘,,,,,12,,,, [:”0” 2F(§)&-‘€;}()1])2(§)+I"(g-)]
(88) ] 1

(an)¥

(*) The symbol which appears on the right-hand side has the following meaning: first,
we evaluate the Fourier transform of T'(|z[?,)) and then we replace |y|* by (@ Fi0).
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Fourier transforms in R®

7(@) | FIUH@) = [ e=<59> f(a)d

. h - - K ne2 (qula)
n-32 4o B3 a+
(90) 2«1(27r) 2 me+25 B(Q)——_E—__—(Qua)wi'(”ii) +

n—3 n~-4d

+2%(27) *F* m* 25 (- Q)6 (zo).

K, n=a(me'3(-)/?) -
u-)--,-—’—- n~2 +n 2 _ _
PR ITTL Sy +2%(27) 7T mot 7T 0(—Q)6(—=za).

Grlt,o0m?,n) = SN ()

K,y nza(me™ ' (=q)1/?

1
TemiFet B guapet T

at n-—4 n~—3 B=3N . 1\s -
+2 T(zj)ﬁ“wrg-—f—)( 1)i sgn- 2:65(Q)a+_2.?...1’
(o252 1) .

if 2(a+252)iseven and Q=2+ --+22_; — 2}

) (u—-mz)i-l___{ﬁ“_—ggg:l if u—m?>0and t >0

T(e) 0 if ¢ belongs to the complementary set.
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Fourier Transforms in R"

(91)

GR(t1 o, mZ’ n)

K_ na(mQ@¥?)

a n=-2 a+_f_"_':_2_ s
2 (27r)“5"m £ 0(Q) W‘*‘

+2%(2m) 5 met 2% e~ (e 552 (it (ot 25,
HD (=)

— ot~ {
'0( Q)g(mo) [(_..Q)llg]“"'&;—a !

+2%(2m) 22 meh 252 o 50+ 252 (L) jref § (ot 25,

HY o Im(~@)?

— — Lot 4
'9( Q)e( 30). [(_Q)u’]n,_i_p_%-_a_;‘_r

n~4 n—4

225 (2m) 252 (—im) [, (@) 7 = b0, (Q)+ 5]

if 2(a + 252 is even;

K w3 (mqllﬁ)

2°(2m) T metT4(Q) :;m)wl}’* +

+0(—Q)0(0)2%(2m) ST me+ 5T g~ et 252 (- 3)ime™? Flo+2z2

H(:)_ e [m("Q);/z]
aT 4

~Qyaet i

N2

+8(~Q)0(~w0)2%(27) 2P met 252 e §eh252) (Lygred St 232,

HE (@) ; R
1) pa In(-Q)/71
C@urttE

+22% 05 (2m) T D0 + 252) {H(Q)Q](*+5D) ~ i(~1)+ 5,
sgn 2off(-Q)(~@)]~(«+*5*},

if 2(a + 252) is odd.
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Fourier Transforms in R®

K_ -2 (mQ?)

22(2m) T Mt T Y(Q) 4

(Qr/ayet 5=

K n—g(me'3(~@)}?)

o 22 B2 ot
+2 (271‘) M 7 §( Q)H(.’Uo).ei%(“+£§2)[(_Q)l/2]u+ﬁ;_g

K aza(me 5 (-Q)M%)

et F ek BF [ gyr/ajet 2F

+22(27) 7 et 52 9(—Q)0(—xo).

I

+220H 25 (9) "5 Da + 252).

@I HF) —i(=1)=5~F sgn aolB(—-Q)(-Q >+,
if 2(01‘.'1“1‘—5-2) isodd and Q =22+ ---+ 22_, — 2

Here

)1 if$0>0,
=1, §570
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Fourier Transforms in R"

Grt,a=0,m*n=4)=

(92) = bc,(u=m?) ()

@) 1 0@y imo(ao I

N (WD yn(— 01/2 .
~9( mu)f(fiq[;l‘/(,]m Iion 2i[6c, (Q) — 6, (Q)]-

GR(t)O: - 1)m21n) =

X .
(93) :{1 it U m >0andt()>0

if i belongs to the complementary set

n___ K, 1/2
6(@)2(2m) T mn/2 Kol S ]

—izn Hpjlm(=Q)%]
~8(-Q)0(0)(em) im0 DB

Sonaza e HY M=)
+O(~@)0(~20)(2m) "5 mFime! I e —

_(277) = QP:‘—:” bey (Q) T bey (Q)&;—SL .

if n is even,

no-3 9 n/3 /2 .
0(@)2(2m) "% /a0

HELIm(~Q)'/)

n/2

—~B(= Q)80 )(2m) T ™ Pime ™ 5" st
H0(=Q)0(~0)(2m) T m ime! 3 H [m(~Q) "/ ]+
+2m) T 2P @Q)F

—~i(=1)"%" sgn zo[6(-Q)(-Q)]"F},

if n is odd.

(*) Gy is the interior of the backward cone:

Co={zeR'/z}—z?...—2%_, >0,z <0.
C; is the interior of the forward cone:
Cy Z‘—{!IZERn/an——-.’U%—...-m,%__l >0,z0 > 0.




Fourier Transforms in R®

(94) Gg(t,a = —k,m? n) =53 (u — m?)

A2 (1) 5 (—im) sgn 206(Q) I

K.—k-*-_"_;?;[m(Q)l/z]

- n=3  _pan-3
6(@)27F (2m) T m*+5 (QuayF+EFE

FO(~Q)0(20)2 74 (2m) " mh I gmin R,

(3) N2
.(ul)iwﬂ—wﬁ%ﬂ[m( <D ]+
2 (—quray R

N3

+6(—Q)0(g)2~F (2m) " m b+ 252 gin(—k+252)

B g m(-@)/%]

(~Q/a)~*+2T"

11‘7(‘
"2
N4

ne—d

if -2k +n-—21is even, _

n-3 n=2 K—-k+1~.;§:2[m(Q)1/g] .

B(@)2~*(2m) "5 m~k+73 |

(Qi/3)~k+35>

n—2

—0(—Q)B(0)2~ k1 (2m) T m k23R gmin( =kt 252)

Ay PO

an —
((=Qp/3™+ 75"

+

FO(—Q)B(wo)2 k1 (2m) T m k22 in(—k+25)
(1) Sty
g
(-@)/2)++272

2722 () BF T (—k + 252).[0(Q) Q) (H AR+

+

FeToEE ) sgn ao[a(-@)(-Q) T
if -2k +n— 2 is odd.
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Fourier Transforms in R®

-2

(2m) "2 g2 =52 n-2)

Aarazay o0 208(@) T +

o)

if 20 +n —2 is even,

H=1) = Pf

(2) 572207 Do 4 B52),

@@yt —i-nerss
Gr(t,m’ =0,a,n) = =
rta S sgn wol0(~Q)(-Q)] "+ E-D-E),
(98) =1 11‘1‘(&)‘ " Uu>0ewmato >0 jfoyan—2is odd.
O i i belongs to the compl. set
(2m) T 27T (3) {2y sgm wod(Q)F 1+
+H=1)M2Pf st
if n is even,
2n~17‘_n/2P(%
e 2 e . ki3 . I kel
Gr(tia=1,m"=0n)= {0(@)Q)F —i(~1)3% sgn zo[8(~Q)(~ Q" %},
(96) ={ “¥>0th>0 | if nis odd.
O it t belongs to the complementary set,
(2m) "7 27 BT (4 252,
(s ay s =0d(Q)HH 7"+
k4222
+(—1)" PfW}
where n is even and —k + 252 £ ~1,1=0,1,..,
(27) 55" 272 2F D (—k + B52),
. {[(@@Q1~¢ '*““)”5”( 1)kE-E
Grlt,a=~k,m=0,n)= 5%.)(’“)’ . sgn zo[f(—Q) (@)~ “‘“‘“%)“%,
(97) E#%24+h h=01,... where n is odd.
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Fourier Transforms in R"

(w—m?)?

GA(t, «, mz,n) == -——m‘)—— =

(98) =
) {0

Byl

- 1T%

INE))

uu—~m2>0 andt0<0).

it i belongs to the compl. set

. /2
9(@)2’“'(2#) S o fﬂ_ﬂi‘i[zq_z_]_*_
[yt

-2

+6(—Q)8(20)2%(2m) T m>+ 272,

Koy az2 (me™ 500"

’ e-*%(u-%ﬁ%a){(_q)uz}a-kl‘—}g

+8(—Q)8(z0)2%(2w) *T-mot 252,

K__ n_3{me'F(-Q)*/%}
ot

)
’ e-’%(a+—'5§-z){(__q)1/:a}a+-'-‘—§—2- v

+22°‘+D’§’4“(27r)"—;‘n'i7r sgn :z:ch(Q)‘*""n“;“4 ,

if 2(a + 252) is even,

— nez K, n-2[mQ*?]
8(Q)2%(2m) = et 252 Lot =

[Qu/a)et 25 +

O(=Q)0(20)2%(2m) T met 2.

K, a2 {me " F(=Q)/%)

i et EF) [ Qy/zyet i

ne—

+2204 254 (91) 27 D+ 252).[0(~Q)(~Q)] (e 25—

— 5T, sgn go[0(Q)Q] (T T
if 9o+ 252) is odd.
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Fourier Transforms in R*

(99)

Ga(t, a,m? n)

Kcr+ n—2 [mQI/z]

(@At

n-3

g(@Q)2*(2w) = mot 252

n—3 N2 )

+0(—Q)0(0)2%(2m) “F> m+ 252 Limein(at 270

(-2

HE) |, (m(-@)")
e o+ A, 1, Q),

[(~Q)ap>+7

where A(a, n, Q) = 22245 (27)*Fir sgn @0
8@,

if 2(a+ 232) is even, and

Ala,n, Q) = 22+ (2m) "7 [0(-Q) (- Q)] ~(=*

N

) sgn 2o8(Q)Q) 7,
if 2(a + 252) is odd.

—«e"‘iw(ﬂ"f‘

n—3

+6(‘Q)6(“$0)2°’(2'n‘)Eg‘gm““‘f"%g(_%)i,,m—iw(a.p_z_ .

n-2

e
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Fourier Transforms in R"

W(t, o, m?,n) =

(m~ ) 5T
7{‘&?222“1%”—31"(%).
Saza{vV/m? —u}, ift ely;

Q)@ +m?)~2/2 + 6(=Q)8(w0) e~ F (—Q + m?) "%/ 24

(100)  W(t,a,m?n) =0 if t ¢ T +8(~Q)0(~z0)-¢/F (~Q + m2)~ /2
W(t,a,m=0,n)= Ry(u) = . . :
) 0(@)Q/* +0(~Q)8(z0) e~ F (< Q)"+
(10) ={f(@ L1€T4: ver p.35 | +6(~Q)8(—u0).F (—Q)~*/>.
’ 0 if ¢ ¢ T':.
2%(2m) T met 5
Glt,0,m? n) = (27) 5 m
K_ noa[m(Q@=i0)?]  K_ no3[m(Q+i0)/?]
— (F . 2 2 o= o =
(102) Gr(t,a,m? n) + Ga(t, ¢, m* n) P T
2%"17')1"_2"1%‘%"1.
=0 m? ) — 2 Kp_\[m(Q-io)/? = Kz_i[m(Q+io)*/?
(103) Glt,a=0,m"n)= (u—m ) q (07 i /5n—3=1 (@) /aE T
(27‘.)1;'—2220:4--“;—2«1.
(104) G, a,m=0,n)= %“;‘controlar A[(Q — i0)1/2)=2e=n+42 | [(Q -45)1/2]22-n-2}
—-i(27r)9'322%"2h7rsgnmor eyt
k . - . W‘n.—2
(108)  8f2(w), k=324 k=01, | +gdrgrry (@ IU(h+1) + ¥(1) + 2192~ 1g|Q1])
W, e,m=0, n) = Ra(u) =
o { HH—E;(};F 1f t (S I‘+ .
0 iftgly
Hp(a) = o720 10(Q)T( 2042,
(106) here o is an exceptional value | {22 +z3+ - +22_, — (zo— i0)2}—'a/2

10




Fourier Transforms in R"

VV(t;a,myé 0,n),
here @ 1s an

exceptional value.

B(Q)(m? + Q)12 +0(~Q)(zo){(m? + Q)7 + = (m? + Q)1+

+0(—Q)0(~a0){(m? + Q)+

(107 Re 0 <0 +ei % (m? + Q):alzj
W(t,a,m # 0,n), ' : -
k
(108) =2, k=1,... | (m*+@Q)F+ ;;'_11 !sgnm05<’°“1)(m2 +@Q)
Gr(t,a > 0,m?,n),
in the singular
(109) points, n even see ([14], § XII)
GR(t: @,m= 0) Tl),
in the singular points,
(110) 2@ —2+n is even see ([14], § XIIL.1)
GR(i,a,m = O,n),
in the singular points, | .
(111) 2e¢-—2+nis odd see ([14], § XIIL.2)
1) kg Ehel —iz i K g —pma [m(Q—i0)2/7]
lgzgrijgwjn“— {e150 (m? + Q — 40)f %Q-L—io)%(%")‘“l) -
! % iz . K";k'—-l{m(Q‘f'iO)l/zJ ,
(12 KO0+ Py | e 4 Qi) TETEEOT,
(—1) EEEL G50 (Q ~ 10, m, 1).Goga (@ — 0, m, m)—
(113)  (m? + P) + 6 (m? + P),

—-G’.__zk(Q + 19, m, n).Gz.:r.gk(Q + 29, ™M, 'n)} sce [22] .




Fourier Transforms in R®

(114) (m?+ P).6)(m? 4+ P) =
%’,;—i%%&k"(mz + P) %&[szz-m@ — i9, M, n) — Gapg2-21(@ + %0, m, n)]

k1 ezt k>

{P60)(P)} =

k1 ezt . : :
Fen_1 %,%?[sza-z—zl»@ —i0,m = 0,n) — Gapq2-2(Q + i0,m = 0,n)] =
) ’
(116) E—l<2-Lk<l | = SREHEy o 0(Q - i0,n) - Hapsa-u(@ +i0,n)]




Fourier Transforms (Bremermann)

@) | Flf@)] = [ga f(@)e* <> de

(118) X(t)et<n=> ‘%ﬁ%ﬁ
2 T (677

Here X (%) is the characteristic function of the forward light cone I'+ = {z € R*™*1/a? > .
0,0 >0} ' ' ) '
2=zl ...~22 (zo,21,-..,2n-1) € R™L,
T+ ={z/yeTt,ze R*,
z €0 z;=¢; +iy; j=0,1,...,n-1

13




Fourier Transforms (Constantinescu)

fle) | Flf(a)] = fRnf(m)ezfzda:‘ .
(117) 1| (2r)m6
(118) 6|1
(119) eths | (2m)mé_y
(120) by | eihé
(121) Des (—if)®
(122) Y 2A+n7rg P(——*—»-) D |-




Fourier Transforms (Gelfand - Shilov)

f(z) | Fif(z)] = fR f(a:)e"""da:
(123) §(zy,22,...,2q) | 1
(124) 1 v(27r)"6(01,0'3,...a,,)

(126) Polynomial P(z;,z3,...,2,)

() P(=igl, ., ~ig2)5(0)

(126) e =[S z?) | 2tnrE 11‘,(‘_;)>,,-A~n(p = \/.;})
(sam) A= T | QrFfacn(p) = iz
(128) rrine | d§2p7r "+ Crpr M inp (1) (A#-n,—n—2,...)
(128) ™ In?p 5‘%%1;7"“" + 2%&;)"""“ Inp+ C,\p"‘;" In?p (A # —n,—n —->2, .0
(130) Qur=2m—n | oFIm) gam g, cg"“m)pz"' (2)
(131) Qur—2m=niny -%c(_"l'*'zm) P2 n? p + I p2m 1y p o (PEIM) pom
(132) 6(r —a) | 25710(% — D)T(3)- 1a5mpl- "J%(,,_Z)(ap)
(133) ()™ Lome) | 23710(3 — DT()y/Fpory/Boine
R
@ =&h




Fourier Transforms (Gelfand - Shilov)

(134)

(P+140)* | grime  F¥2° P8 T(A + 2)(Q — i0) ™2~ %

(13b)

(P—i0)* | e 32 aE (A + §)(Q +10) 74 %

(136)

AT EIP(O + I + 2). 4

P—P\ [e—i(§+>\)w(Q . iO)”}‘"% _ e’“i(%‘*"\)"(Q L iO)")“%]

(137

o= Fo-n—2h

I—:I( n:tzzh ) 2n+9h7rn1—\( n:t:_iZh )

D(G+MT(h+1)(-1)"+? PFQF io)-—%(n-{-zh) +(=1){21g2 + T (ht1] +

T(A+1)

’(Piio)hlg(P:l:iO) +r(&i§£’i) H{ A eFi /2 61} (Q F i0)1/2 (vH2h)

(138)

P2 .-zl;[e‘%‘li(Q—-iO)“}"‘% — eF9(Q +10)~ 2~ F]

{139)

Ly "
23+1(V27r)nm-};n+>\ K%'ﬁ')‘[m(Q“"O)J] . 2A+3‘+1W%e-—%qr,nz\+%

T(~2) (Q_io)%(%"'l'v\) - T(=X)

Kaz(mQY™) | BHY (@Y

(m? + Q +i0)* [Q¥3(A+n/a) + B

(140)

1,
22+ (/35 nm%n’fk I(%_H[m(Q-f-iO)'j] _

re=A) (@i i (=)

. Kypnp2(m@y? L HEO) o (mQY?)
2 A Adn/2 g A
(m +Q- 'LO) [ 7 = — lriz" Ql%?hn/?) ]

QP (r+4n)

2}‘+‘%+l7r% gi%im'\‘*"g‘

(141)

(m*+P)} MR 22 ~Lyyn[2 X [o=i(Ate/2)w Koo 2 [m(Q-i0)/3]

—ef A+ Em a2 palm(@+i0)3],
(Q+i0y/2(A4nj2y 7 ™

- sin(A+%)7rI(A+%(mQ_l*_/2)

(@10 A0 n D)

T

= QM EHpE-ImEHA {

Trin/2(mQ27)

s BT J...A..
Qﬁ(“' %) 2

[sin(A + L)«

043

M

Q.li./g(A“Fﬂ/z) + Isin(AF B

16




Fourier Transforms (Gelfand - Shilov)

5 i S ImEt+A{

Ky Im(Q-i)/] S EUK G I(QHIN

- (e2) @-OTOFD T (gHoerD )
S%’.;%; = ,2}+%f1‘ﬂ'%-1m%+l\‘{8in %K*;?z‘;:)(’) - z,,-ndi-;m),r-

O

(143) §*)(m? + P) | £L{Gar4a(P — i, m n) — G%;Z(P + 10, m, n)}

LR B PR S o L LT LI

(145) 6(m2 +P) _Z-(z,,rm).%q[_e—i—;!q%gf_]]+ei§q%ﬁg;;—.%;;.§??l]

(149) AP | (aiertpd omien SLe @Ol
et e RGO | (o) e S E8(0

(147) Libeas z-zt+-;-7rg--1m%+t.[e—.-gq_ﬁ._r__"(qﬁ’:)(‘gjjfl] o K(%ﬂ’;“f?ffll

(148) (B | (am)n Y, %ﬁ%}im@)

17




Fourier Transforms (Jones)

f@) | Flf(@)] = [pn 677" f(z)du

(149) ffom §(z)et*%dz | 1

(150) £(e) = or®) | LRI 57 a3 Taga (pt)a

I8




Fourier Transforms (Schwartz)

f(e) | FUF(@)] = fgn €57 f(z)da
(151) r2h | {—55 106
(162) Pfwhw | Wamy 2l rllogk + 31+ 4+ + £-0) +‘ %%%g?;*,?}]@
(153) PiA | % llogk - ¢ + 1 EE)
(154) gl %i%l;(Pfg;) +(§~ %%’é’?} +log )6
(156) A(s) | (v - D E, n#2
(156) Aflg(2)] | =2, n=2
(157} lgle| | =3P f(pp) — (€ + log 2m)é, n=1
(158) (1+7)"% | Zyr™ " Kozn (277)
(159) Zrem?mon | (AV[e+iga)? + +ud + -+ ydog]7F (M)
'(160) Zn | Pf(zEss) o =yi-v v - -,
(161) e’ | g
@) where C is the Euler constant; and the sum 1+ 1+ .-+ % is zero if h=0.
(**) = 1 Pf(sl-ﬂ)

w55 2R,

— (22 2 2 2 \%
s=(2-o{—25— - —ai_,)7, T, > 0.

49




Fourier Transforms (Vladimirov)

F(=)

Ff(®)] = [ga F(E)e*E7dE

(i62) . [|m[2 — (zo %+ 7:0)2]-—&:

i ye(20)6* (@) + (~1)* Py

(163)  [|lz|* — (wo £ i0)’]*~3

[—9(——m2)$2]—k—% -+ i("l)kﬁ(wg)[ﬂ(mz)mz]"k-—%




Chapter II Hankel Transforms
fz) | HIf(2)] = [gn F(2)J0(2y)\/TYds
n + 8=
W el [ e o Y2 S N P P Y
1 0<a2+ - +a2<l1 ,
2 o0 l<y/zf+--+22 <oo0 ryT1§~J%(|y|) -2 > -1
2|95 o<zl <1
Qe -
(3) 0 1< [2lF < o0 | 2t — lul=H75(ls]) n#2
(4) o[~ (Jo2 + a?)F | [9]*"# Laza (W) K nca (28) n22 > -1
(6 (lz]* + o)~ I—I—n—_vK»—z (aly))
yl77
(8) (|z|? + a?)=% | 2M/2p-1/34"5* K =1 (ay)
2 2y— Bt 1 /3 1
(" (2 +a*)™"= W 72 ezt o n>1
Lﬂ"’ n
(8) (o +a2) 4=t | STy 3 K us _, (alyl)
0 O<r<a
(9) 2 "(r?—a?) A1 ag<r<oo [ 2WT(u+ 1)al+s—F+1 |y|-s-3 Toza_,_

1




Hankel Transforms

(@~ |z|)* O0<|z|<a
(10) 0 a<|z]<oo | |y|7F E2kaFtE ], (aly])
: a2 +e+3 B() +"1, B p.%_l_)_(zgqu(% '_'5_:'1))—1_
(11) o4 (a? = 2P | aFa(E5E, 5, 2R 4 ) 0<fe<a
(12; 2|~ % (a? + [2]?)[(a? + |$|2)}'/2 + [zf3-? ]y|‘L5‘1'7r1/2e—“l¥lsz_3_a.(9—'2ﬂ)
(13)" [(lla;llitg:l);l’:;?a)]f/f—g g Fe~aly]
(14 . |5|2(|;|4 +dah)- 5+ ”llzig—fffiy_'z I;E:;'y” n>3
(16) A(le‘* +4a%)73¥5 Za(e_;.%:,t’_a,r(_n_;_l)J-’;——z(;llyl):Ka_;a(alyl) n>2
6 2= eelel | lyl=m+2(Jyl? +a%)=2[(a? + {yl) V2 - 0]
(17) 2|~ 3~ 1emale] lyl”"’fz,%z'[G12 + [y)H? — o n>3,a>0
(18) |~ #=temalel (~—1)”“lyl'”‘”é,,z—"’,;";%:?{(a2 +y?)~Y 2-[(062-4- ly1?)2 — a] "7}
(19) g~alsl rl/?anlzr(—i-)m
(20) |o[~temelel | 2 _LrT(252 1) i l)
59




Hankel Transforms -

1 1/2(,2 2\~pf2 8.
FM (a® + |y|?) vI‘(FH“ 2 —1).

B (@ + 1)) =

hn=a
a” 7 (|y|*+a?)

- - L(ut2-1 ‘ -1
(21) |o|p—F-tedlal | = 2%_121%_1;(%). oFy (BEE=L win no lully
w21 -l In—2( =
26777 |2
—n)2.— /
(22) || n/2g a|z|? —a%-l—l-;_’—_i-e [In—s( )— 7‘/2( )]
(23) e=alal® (47ra)""/ze“%3
(24) e[k 5 | 9205 k1 =P LT (|yf2)
~%—ale* | T =364 ..L_L
(25) |z|#=3 alel Iyl(n Tan 7[‘(.&)) MP_ "*7( )
(a6) ol 5B | T (Bl g (2l
1 1 2oineensiyg)
: o5 WET O T(RE-g4h)
(27) |z~ 5+5 log|o| | [T(4+ 252+ )+ p(22 — &+ 1) — log($y[)]
(28) ot Fe=Plel" [, s (alal) = e () 2251 Ref>0
(29) |$|1—~Kn-2 (Oll(L'l) 1 _2-5—__2_ > —1




Hankel Transforms

(30) o]t Kulalel) | 244 310(u + 2)ak(|yf? + o?)=+~% %> |Re gl

a2 T3 n-1 L~n
(31) Jg_;_g(%al:ul).f{n;n(%alml) “'“3‘;(;:%7”_1‘2({3/[4 +at)*F n=2 5 _1

23(%—2-) a —"—:—;—?—l—\ n~1 . 1on
COTTEL (o 4 7+ o) ~ 4alyl?] 5

(32)  Jaza(alel)Kuzs(Blal) | 252> -3, Re > |Im af

(33) (Jfﬂlz‘}“ az)._l""-*;l m—; B—_a[yl . ﬂ“z——l‘ > ""1, Re a>0




Hankel Transforms

n/ n—3
(39) 5(m® + P) | 3Rgyeyers (m + Q)7
(B) {2 1 2, ) 5R+E
(35) I} (m +P) m(m +Q)+2
C 1 2524
(26) KP) | @
n-3
(37) 6(P) | & e @y (%)
(38) 6®(m? + P) # 8O(m? + P) | Gy . Crn(m? + Q)17 -+ 554
where
— 1
Con = PHEr (40 ’
s§=0,1,...
F-aml
=5 sf
(39) @) | 7 rg-a)
il g-—a-l
o2 (=n% a2
(40) M@ | 755 (3~
() =

o
=




Hankel Transforms

“ .

@ e | bty ~ i

(43) CEX Lt W%(S-—io)%““'l, fadt k=01, ..

(44) e o {<m”r4;(c£;"“ (1)l (_m_;g(g_%:)_“_ !
'(45) lm“+PL;E;%in)(f+P) 2%‘1;‘5“%1)171/:{(‘#;(?%_1 - (”1)”/2%}

(46) 5(k)(z) msﬁiw

(a7) % . (m“;c’z%)g)“"

(48) (ﬂi;(%?i %%

{49) (m? + P £i0)*"1 n__zgpoé%“a)(mz +QF i) 1, a—k k=0,1,..,aeven

(50) gom) | reEpsly Tt

2™ EE AL p(agE gy 1)p( 22
(1) s | 1 Teen YO acay
@ T (\/mn;2+m




Chapter II1

Laplace Transforms

LIFE)] = [pa e7I<H7> B(t)dt

f(=)
w"“.‘ —r v
(1) ey | e 5 (y —40)~
2 2\-2
W, a,m,n) = (p* +m#)~%,
+
3 i (m—ﬁu)g%J‘CLF{(mﬂu)l/?} m E R ¥
2 . ::{ Wll'glzgi;':ﬁ[‘(%) utGI‘.,_’ P2=Z%+"j+22._1-25‘-
0 wut g Ty )
(b?)~%
WEt,a,m=0,n)= , nez
Ha(o) = 7°7 95710 (§)T(2522),
Ro(u) =
a-n o E C,
= . .
(3) ={ (@) fft €T+ | nis the dimension of the space.
0 lf t ¢ P+.

Gr(t,m? a,n) =

_ (u__mﬂ)a-—l

o P P —

—nyo=1
@ =1 Q’Tf%&))— U= m? >0 mato >0 2%(2m) T mo+ 2T p=et 3T K s (mp)
0 if t belongs to the complementary net. a+——2—

&) Gr(t, m=0, a,n) (27r)%322“+"/2“2p"2“+2‘"F(a + -'1;—2)
(8) . Ga(t,m?,a =1,n) | 2(27) 2 m™/2p="/2 K, 5 (mp)
(7 Gr(t,m=0,a=1,n) | 2¢/2(27)*3" p~"/2T(})

iV §
-1




Laplace Transforms

(8)  Gr(t,m? a=—k n) =6 (u=m?

n-23

2-k(27) "3

m—k+1f-§—‘-'pg’c+'2‘?r'ﬁK__k+%g(mp)

k) 2m) 2T <
© =) | e ) Pl Kaga DAt 4 o = 0]
(27(‘) .-.;2 2_2k+-’5‘-—-2r(_k, + _r}_~2;g)p—n+2k+2,
(10)  Gr(t,m=0,a = —k,n) = 6 (u) valid if —k+ 252 #£0,1,...
(27) "5 m ™ 5" K aca (mp),
(11)  Gg(t,m? a=0,n) '='6R(u—m2) valid if k#£0,m?>00r k=0,m=0.
(12) Gr(t,m =0, =0,n) = r(u) 2"/2(2w)%lf(ﬁg_2)p2*“
(13) Ro(u) =6(z) | 1
(14) Wo(u,m) = 6(z) | 1
(7
(15) 5= \/tg 212 | (02 %




Laplace Transforms

(18) 6F)(z) | 2*( Re 2> 0)

€%)) H(z) | i
(18) H(z)logs | =legz=C

¢ =Euler’s constant.

Czlimn—*oo(l'l‘%-i-"--i-%—logn)

(19) pfEE) ‘flk!zk“l(loyz —C-Yi Y

C = Euler’s constant

. (20) z*e**H(z) (2 €C, Re z> Re a) ki Rez> Rea

(21) e~ H(z) | 7 Re z> -1
(22) P H(z) (B#-1,-2,..) | &=
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Laplace Transforms ;

( Re z > |Im B|)

(23) H(z)cosfr | 7525

(24) H(z)sinfs | b5 ( Re ;> |Im Bl)
(25) H(z)coshfz | =25 ( Re z> [Im B])
(26) H(z) sinh Bz | w5 ( Re 2> |Im f])
(27) H(z)|sinaz| [a> 0] | 25mg2) ( Re 2> 0)
(28) zPH(z)lnz [B#-1,-2,..] | Lr{(B) —Inz} ( ‘.Re z>0)
(29) 2" I,(Bz) %

( Re z> [Imf), Rev>—3)
(30) 251,203 | 2 let ( Re 2> 0, Rev>-1)

GO
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Glossary of Symbols

Rn

r = |z|?

‘P = P(z)

(P +i0)*
Q= Qy)
T(P £i0,)) -

T

Sp+

Sh+

sk
p=lyl*
f(z)

c

Go(P £ 10,m,n)
K,(z)
L(z)
Hy(m,n)
Hy(P +10,n)
K

Ik

A
Ho(l2|,n)
Ry(z,m)
A1(2)
m2(2)
Ju(z)

Y, (z)

on
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© 60 =T =1 =I =3

10

11
11
11
12
15
15
15
15
15

15

15

15

15

16
16
16
16
16
16
17
17

Li(2) (Laguerre polynomial)

My, (Whittaker’s functions)

1Fi(a,c,2) (Kummer’s confluent hypergeometric series)
3

P2
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18
18
18
19
19
19
25
25
26
26
26
27
30

(m? + P £i0)*

(m? + Q)%

(m? + Q)2

(m? + P £i0)7*
T(|z[?,A)

Pf

uf = |uff H(u?)

uf = [ulfH(u?)H (z,)
of = [ulfH(~u?)

uf = ulf H(u?)H(~2;)

ul = 22
W =af-of— o —al,

w=ga}+.- 42l -2l

n>2
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